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Abstract 

Based on the entropy relations, we derive thermodynamic bound for entropy and 
area of horizons of Schwarzschild-dS black hole, including the event horizon, Cauchy 
horizon and negative horizon (i.e. the horizon with negative value), which are all geo¬ 
metrical bound and made up of the cosmological radius. Consider the first derivative 
of entropy relations together, we get the first law of thermodynamics for all horizons. 
We also obtain the Smarr relation of horizons by using the scaling discussion. For 
thermodynamics of all horizons, the cosmological constant is treated as a thermo¬ 
dynamical variable. Especially for thermodynamics of negative horizon, it is defined 
well in the r < 0 side of spacetime. The validity of this formula seems to work well 
for three-horizons black holes. We also generalize the discussion to thermodynamics 
for event horizon and Cauchy horizon of Gauss-Bonnet charged flat black holes, as 
the Gauss-Bonnet coupling constant is also considered as thermodynamical variable. 
These give further clue on the crucial role that the entropy relations of multi-horizons 
play in black hole thermodynamics and understanding the entropy at the microscopic 
level. 
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1 Introduction 

In order to understand the black hole entropy at the microscopic level, the entropy product 
of multi-horizons black holes were studied widely in a lot literatures [1-24]. The entropy 
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product is always independent on the mass of black holes, which is universal for many 
charged and rotating black holes [1-13], black rings and black strings [14], Actually, the 
entropy product, in conjunction with Cauchy horizon thermodynamics, can be used to 
determine whether the corresponding Bekenstein-Hawking entropy can be written as a 
Cardy formula, hence providing some evidence for a CFT description of the corresponding 
microstates [14,15]. This makes it important to study the thermodynamics of Cauchy 
horizon. 

On the other hand, the mass-independence of entropy product fails for some multi¬ 
horizons black holes [15-19]. Hence, the entropy sum [12,13,16,20,23] and other thermo¬ 
dynamic relations [16,17,20-22,24] are introduced, which also have mass-independence for 
some cases and seem to be universal as well. Especially for the relation T+iS'+ = r_S'_, 
which were linked closely with the mass-independence of entropy product. It was also 
understood well and physically by the holographic description, i.e. the thermodynamic 
method of black hole/CFT (BH/CFT) correspondence [7,25-30]. The thermodynamic re¬ 
lations T+S'+ = T-S- may be taken as the criterion whether there is a 2 dimensional CFT 
dual for the black holes in the Einstein gravity and other diffeomorphism invariant gravity 
theories [7,25-30]. Besides, It is found that the thermodynamic relation 7+5”+ = T_S- is 
equivalent to the central charge being the same (i.e. cr = cl) for some two-horizons black 
holes. However, the interpretation of other thermodynamic relations are not clear. The aim 
of this work focuses on entropy relations and the application in black hole thermodynamics. 

In this paper, based on the entropy relations, we derive thermodynamic bound for 
entropy and area of horizons of Schwarzschild-dS black hole, including the event horizon, 
Cauchy horizon and negative horizon, which are all geometrical bound and made up of the 
cosmological radius. Consider the hrst derivative of entropy relations together, we get the 
hrst law of thermodynamics for all horizons. We also obtain the Smarr relation of horizons 
by using the scaling discussion. For thermodynamics of all horizons, the cosmological 
constant is treated as a thermodynamical variable [31-38]). Especially for thermodynamics 
of negative horizon, it is also dehned well in the negative side (r < 0). Actually, for black 
hole solution, there is a singularity, for example located in r = 0, we always choose the 
r > 0 side and the existence of black hole horizons avoids the bare singularity. This 
makes thermodynamics of positive horizons dehned well. Actually, thermodynamics of the 
event horizon [4,7,9,10,15,18,21,24-28,30], Cauchy horizon [4,7,9,10,14,15,18,21,22, 
24-28,30] and cosmological horizon [39-42] are studied widely. For the negative horizon, 
one can choose the r < 0 side, and the existence of negative horizons also avoids the bare 
singularity. On the other hand, it is found that the mass-independence of entropy relations 
may always hold only when the effect of negative horizon are considered [12,13,16,17,20,23, 
24]. This makes it also interesting to study the thermodynamics of negative horizon, even it 
remains unclear what quantum mechanical degrees of freedom the entropy of the negative 
horizon count (Note that of the Cauchy horizon is not clear as well). The validity of this 
formula seems to work well for three-horizons black holes. We also generalize the discussion 
to thermodynamics for event horizon and Cauchy horizon of Gauss-Bonnet charged flat 
black holes, as the Gauss-Bonnet coupling constant is also considered as thermodynamical 
variable [35-38,43,44]). These give further clue on the crucial role that the entropy relations 
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of multi-horizons play in black hole thermodynamics and understanding the entropy at the 
microscopic level. 

This paper is organized as follows. In the next Section, we will investigate the entropy 
relations and the application of Schwarzschild-dS black hole. In Section 3, the entropy 
relations and the application of Gauss-Bonnet charged flat black hole are presented. Section 
4 is devoted to the conclusions and discussions. 


2 Entropy relations and the application of Schwarzschild- 
dS black hole 


In this section, we firstly consider the entropy relations and the application of four dimen¬ 
sional Schwarzschild-dS black hole, which is the simplest example for multi-horizons (A)dS 
black hole and has the line element 


ds^ = -/(r)df^ (d6'^ sin^ d(p^) , 

f{r) 


with the horizon function 


f{r) = 1 


2M Ar^ 


3 ’ 


( 2 . 1 ) 


( 2 . 2 ) 


where M represents the mass of the black hole and A = is the cosmological constant. 
From the roots of horizon function /(r), we can get three black hole horizons [17] 

. A f3M 
Te = sm I - arcsm I 

. f3M\ 2 tt 

rc = 21 sm I - arcsm I — I + “y 

_ . A . /3M\ 27r 

r^v = 2.1 sm I - arcsm I — 1 - -y 

where te, rc and rjv denote the event horizon, cosmological horizon and negative horizon, 
respectively. Note that tat is negative and named as “virtual” horizon [17]. Besides, as we 
focus on the black hole with multi-horizons, we will only consider the case with 


3M 


< 1 , 


(2,3) 


which can be seen as the existence condition of multi-horizons black holes. The entropy of 
each horizon are 


S, = ^ = nrl {i = E,C,N). 


(2.4) 
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The temperature of event horizon and negative horizon are 

/'(r*) - rf 


T, = 


dyr 


4:7r£‘^r, 


(i = E,N). 


(2.5) 


while the Hawking temperature of cosmological horizon is always chosen as the positive 
one [7] 


Tc = -T, 




rl-e 

An Pro 


( 2 , 6 ) 


where f'{r) denotes the derivative function of /(r) respect to r. 

We hrstly revisit the thermodynamic relations. For example, the mass-dependence 
entropy product is [17] 


C C C M 3 ; i ^ 2/?4 

DKOnON = -- = ODTT M I ; 


A2 


the mass-independence “part” entropy product is [16] 




SeSc + SeSn + ScSm = ^ = 


entropy sum is [12,16] 


(Stt 

Se + Sc + Sn = j^ = Qne- 


and the mass-independent entropy relations of two positive horizons is [16,17] 

Se + Sc + ^SeSc = 3rf. 


(2,7) 


( 2 . 8 ) 


(2.9) 


( 2 , 10 ) 


Based on these entropy relations, we can obtain the thermodynamic bound for Schwarzschild- 
dS black hole. As 0 < r® < rc < |rAr| < 2^, we get 0 < Se < Sc < Thus, 

from thermodynamic relation Eq.(2.10), we get 


0<3Se< {Se + Sc + ^/SeSc) = < 3 


C) 


and 


0< Sc < 37rf, 


which together give 

0 < Se < 7re^ < Sc < 3nf. 

Meanwhile, thermodynamic relation Eq.(2.10) also leads to 0 < {Sc + Se) < 37r£^; hence, 
from the entropy sum Eq.(2.9), we hnd 

Sn > 37r£^. 
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Totally, we obtain the entropy bound of the event horizon, the cosmological horizon and 
the negative horizon 


SEe 


0 , 


5c e 


7r£^, 


5ve 


47r£^ 


Besides, the area entropy leads to the area bound 


Ibvr 




A. 


c 


IGtt 


- J-t 

2’ V 4 


A 


■N 


IbVT 


li.e 


( 2 , 11 ) 


( 2 , 12 ) 


which are all geometrical bounds of black hole horizons, as parameter i is actually the 
cosmological radius. 

On the other hand, we can get the hrst law of thermodynamics from these thermody¬ 
namic relations. Actually, thermodynamics of (A)dS black holes are still open questions. 
An interesting idea is treating the cosmological constant as a thermodynamical variable 
(see, e.g. [31-38]). Hence, consider the hrst derivative of thermodynamic relations Eq.(2.7, 
2.8, 2.9), one can hnd 


/M 




ScSn^Se + SeSc^Sn + SnSe^Sc = 72n^ —dM - —dA , 


V A2 


A3 


{ScdSE + SEdSc) + {ScdSE + S^^dSc) + (5sd5^ + S^^dSE) = 

Gtt 


187r^ 


dA, 


dSE + d5c d^AT = dA. 


These lead to 
dSE = 

dSc = 

d5^ = 
or equivalently 


72n^M 


{Se-Sm){Sc-SeW 


I 67r(127r^M^-37r5g +A5|) 

(5e-5)v)(5c-5^)A3 


72n^M 


{Sc - Sn){Sc - Se)A^ 
72e^M 

{Se-Sn){Sc-SnW 


67r(127r^M^-37r5c +A5^) 

{Sc-Sm){Sc-SeW 

67r(12^^M^-37r5jv + A5l,) 

{Se-Sm){Sc-SmW 


^ ^ (127r^M^-37r5^ + A5|) ^^^ 


72e^M 


127r2MA 


^ A\Sc-S^){Se-Sc) ^,^ ^ {12e^- dE Sc A A SI) 


72e^M 
A\Sc-Se){Se-S^) 

--WM-+ 


127r2MA 
(127r2M2 - 37r 5jv + A 5^) 
127r2MA 


dA. 


Consider the Hawking temperature (2.5,2.6), we get the hrst law of thermodynamics for 
event horizon, cosmological horizon and negative horizon of Schwarzschild-dS black hole 


dM = + TEdSE + HedA, 


(2,13) 
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dM = - TcdSc + VcdA, 
dM = - Tj^dSN + ’V^ivdA. 


(2.14) 

(2.15) 


where the thermodynamic potential conjugate to A is dehned to be 






{12n^M^ -371 Si + A Sf) 

127r2MA 


{i = E,C,N). 


(2,16) 


Furthermore, the Smarr relation for horizons can be found by scaling arguments. The 
mass can be viewed as a homogeneous function of the thermodynamical variables Si and 
A, i.e. M = M{Si,A). From the horizon function Eq.(2.2), one can End that mass M 
scales as [length]^ and A scales as [length]"^. The area entropy Eq.(2.4) shows that Si 
scales as [length]^. Then after a rescaling of the thermodynamical variables, we can get 
A^M = M(A^S'i, A^A). Taking the hrst derivative with respect to A and then setting A = 1, 
we get the Smarr relation for the event horizon and negative horizon 


M 


2 TeSe + VeA 


(2,17) 


M 


2 TNSjv + VivA , 


(2.18) 


Note we choose the positive temperature Eq.(2.6), other than the origin negative (opposite) 
one, thus the Smarr relation for the cosmological horizon of Schwarzschild-dS black hole is 

M = 2( - TcSc + VcI^. (2.19) 


Finally, we obtain the hrst law of thermodynamics Eq.(2.13, 2.14, 2.15) and Smarr relation 
Eq.(2.17, 2.19, 2.18) for the event horizon, the cosmological horizon and negative horizon 
of Schwarzschild-dS black hole. 

For Schwarzschild-dS black hole with ^ > 1, one can only End one real root of /(r) 
which is the event horizon and the other two are complex. This case is out of our discussion 
for the reason that we study the thermodynamic laws of horizons in this paper, while the 
thermodynamics of complex horizon are not dehned well. On the other hand, the four 
dimensional uncharged black hole in f{R) gravity [18] has the same line element Eq.(2.1) 
with difierent metric function /(r) = 1 — ^ where R = Rq is the constant curvature 

of the static, spherically symmetric solution. Hence, following the same procedure, we can 
obtain similar thermodynamic relations, thermodynamic bound of entropy and area. Erst 
law of thermodynamics and Smarr relations, with the cosmological constant being Aj = ^ 
and the cosmological radius being if = Actually, one can always expect to follow 

the similar procedure to get these results of other black holes with three horizons; for 
example, four dimensional charged static black holes in Einstein-Weyl theory [3] and Eve 
dimensional charged (A)dS black holes in the Gauss-Bonnet gravity [18]. 
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3 Entropy relations and the application of A Gauss- 
Bonnet black hole example 


In this section, we introduce a Gauss-Bonnet black hole example to study further the 
thermodynamic relations and the application. However, we will only consider the positive 
horizons for this case, which had attracted much attentions [4,7,9,10,14,15,18,21,22,24- 
28,30], without the negative ones. We consider the five dimensional charged asymptotically 
flat solutions. We take the action to be 


S 


1 

lOvr G 


d^xy/—g{CQ -|- £i -|- Cgb) + 



matter 


where 


Co- 2A-0, Ci-R, Cr^atter - 
Cgb = + R^) 


Here we have chosen the vanishing cosmological constant and rescaled the Gauss-Bonnet 
coupling constant d in the following discussion by 


d = {d — 3){d — A)a = 2a. 

The static and charged black hole solution has the form [45-49] 

d 


ds^ = —y(r)dr -I- 


2 , , ^2 


V{r) 


+ Fdni F = 




dt A dr. 


where dGg is the maximally symmetric space in 3-dimensions and the metric function is 


V{r) = 1 + 


2d 


A"(s-S) 


(3,1) 


The event horizon and Gauchy horizon are located in the roots of the metric function 
V(r) 


(2p - d) + ^ V(2p - d)2 - 4g2, 

(3.2) 

(2^ - d) - ^ (2^ - d)2 - 4g2. 

(3.3) 


Note we will only consider the positive horizons in what follows. We introduce some useful 
relations: r^rc = g,rB + rG = \/2p — d + 2g,r^ + = 2/i —d. The temperatures, electric 

potentials, areas and entropies for horizons are given by 


rK = 


'c 


27rrE{2d + r\ 


Tc = 


c 


2ti rc{2d r^) 


(3.4) 
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= 

V4y r| 

Ae = 2n‘^r%, 




c 


Ac = 2TT^r, 


2„3 

c 


Sf = 


vr^r| 


6a 


2^3 


1 H— 5 - , ISC' — 


TT r 


c 


2 V r^y’ 2 V 


6a; 

1 + > 


(3.5) 

(3.6) 

(3.7) 


where the ADM mass M and the electric charge Q of the solution are given by 

STTfi 


M = 


4 




(3.8) 


We can hnd the entropy product [18] and entropy sum 


SeSc = ATr^l + 


(^1 + Se + Sc = Y\/2/i-d + 2g^2^ + 5d-g^, 


and the area product [18] and area sum 

AeAc = Ae + Ac = 2tt‘^^J 2^ — a + 2q{2^ — a — q). 

The existence of black hole horizons leads to 

a 

A> 9+2- 


(3,9) 


(3,10) 


(3.11) 


Focus on the area bound of horizons, we get 

Ae > \/ AeAc = 97r Q^/Q, Ac < \/AeAc = 97rQ^/Q 

The area sum gives 

■n‘^\/2ii - a + 2q{2fi - a - q) = < Ae < Ae + Ac = 2n'^\/2jj, - a + 2g(2/i - a - q), 

Ae + Ac 


Ac < 


= 7r^y/2/i — d + 2qi2ii — a — q). 


Consider the above bound and the existence of black hole horizons together, we obtain the 
area bound of event horizon and Cauchy horizon 


Ae G 


71 ,27r 


X \/2n — a + 2g(2/i — a — q), Ac E 


0,97^Q^/Q 


(3.12) 


One can also obtain the entropy bound as well, which is complicated and does not shown 
here. 

On the other hand, consider the hrst derivative of entropy product and sum Eq.(3.9) 
and make a little calculation which is similar as that in the above section, one can hnd 
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the first law of thermodynamics for event horizon and Cauchy horizon of Gauss-Bonnet 
charged flat black hole 


dM — -|- Thd/S^j -|- -\~ ©Edd, (3.13) 

dM = - TcdSc + ^cdQ + ©cdd. (3.14) 


Note that here we have treated the Gauss-Bonnet coupling constant as a thermodynamical 
variable (see, e.g. [35-38,43,44]). Accordingly, the thermodynamic potential conjugate to 
a is defined to be 


Qe — 

0c = 


dM\ 

dM\ 

/ ScQ 


37r 

Y 

dvr 

Y 


1 - MdrETEj , 
1 -F STidrcTc] ■ 


(3.15) 

(3.16) 


Besides, the Smarr relation for horizons can be found by scaling arguments. The mass 
can be viewed as a homogeneous function of the thermodynamical variables Si and d, i.e. 
M = M{Si,d). From the horizon function Eq.(3.1), one can End that mass M scales as 
[length]^, electric charge Q scales as [length]^ and d scales as [length]^. The area entropy 
Eq.(3.7) shows that Si scales as [length]^. Then after a rescaling of the thermodynamical 
variables, we can get X^M = M{X^Si, X^Q, X^d). Taking the first derivative with respect 
to A and then setting A = 1, we get the Smarr relation for the event horizon 

M = +^TeSe + ^eQ + QEd, (3.17) 


Note we choose the positive temperature Eq.(3.4), other than the origin negative (opposite) 
one, thus the Smarr relation for the Gauchy horizon is 


M 


■-TcSc + ^cQ + Qcd. 


(3,18) 


Finally, we obtain the first law of thermodynamics Eq.(3.13, 3.14) and Smarr relation 
Eq.(3.17, 3.18) for the event horizon and the Gauchy horizon of Gauss-Bonnet charged flat 
black hole, which is consistence with that in [18]. 


4 Conclusions 

In this paper, based on the entropy relations, we obtain the thermodynamic bound of 
entropy and areafor horizons of Schwarzschild-dS black hole, including the event horizon, 
Gauchy horizon and negative horizon, which are all geometrical bound and made up of the 
cosmological radius. Gonsider the hrst derivative of entropy relations together, we get the 
first law of thermodynamics for all horizons. We also obtain the Smarr relation of horizons 
by using the scaling discussion. For thermodynamics of all horizons, the cosmological con¬ 
stant is treated as a thermodynamical variable. Especially for thermodynamics of negative 
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horizon, it is also defined well in the negative side (r < 0). The validity of this formula 
seems to work well for three-horizons black holes; for example, four dimensional uncharged 
black hole in f{R) gravity [18], four dimensional charged static black holes in Einstein-Weyl 
theory [3] and five dimensional charged (A)dS black holes in the Gauss-Bonnet gravity [18]. 
We also generalize the discussion to thermodynamics for event horizon and Cauchy horizon 
of Gauss-Bonnet charged fiat black holes, as the Gauss-Bonnet coupling constant is also 
considered as thermodynamical variable. These give further clue on the crucial role that the 
entropy relations of multi-horizons play in black hole thermodynamics and understanding 
the entropy at the microscopic level. 

For future work, one can believe that the validity of this formula holds for general 
Lovelock gravity hence more coupling constant entering in the laws of black hole thermo¬ 
dynamics. Besides, as the thermodynamics of the negative horizon is introduced, one may 
also expect to construct the holographic description of thermodynamics for black holes with 
three-horizons, while the holographic description of thermodynamics for black holes with 
two-horizons are well built by the thermodynamic method of black hole/GFT (BH/GFT) 
correspondence [7,25-30]. 
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